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Abstract: In this paper we study the diagonal cosets of the non-compact WZW 
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1. Introduction 

Curved string backgrounds provide a well-defined context to explore the properties of string 
theory as a theory of quantum gravity. In certain cases string propagation in these spaces 
can even provide an holographic description of the dynamics of a dual gauge theory [1]. 
For these reasons one would like to enlarge the class of curved space-times for which an 
exact conformal field theory description is available as much as possible. With this aim 
in mind, we started in [2] a systematic study of the non-compact coset models based on 
the Heisenberg group H4. Non-compact cosets are a very interesting class of string theory 
backgrounds since they can be studied from two complementary points of view. On the one 
hand their Lagrangian formulation as gauged WZW models [3, 4, 5, 6, 7, 8] provides a clear 
space-time interpretation, on the other hand their exact conformal field theory description 
[9, 10] allows to derive the spectrum of string excitations and calculate their scattering 
amplitudes. 

Using the geometric formulation, several curved backgrounds were soon recognised 
as non-compact cosct theories: the two-dimensional black-hole [11], the three-dimensional 
black string [12], the inhomogeneous Nappi-Wittcn cosmology [13] as well as many other 
examples [14, 15]. On the other hand for several years it was not possible to use conformal 
field theory techniques to derive the spectrum and compute the interactions, since the 
representation theory of the non-compact affine algebras was not properly understood and 
their structure constants were not known. The situation changed with the work of Teschner 
as well as Maldacena and Ooguri [16, 17, 18]. These authors clarified the operator content 
of the S'L(2,M) WZW model and of its Euclidean analogue, the model, and derived 
their structure constants. Using these results, it was finally possible to analyse in some 
detail the conformal field theories of abelian cosets based on SL(2,M.) [19, 20, 21, 22]. 

As is well-known, the SL{2,R) WZW model describes the propagation of strings 
in ^^5*3. The Heisenberg group H4 considered in the present paper, a contraction of 
SL{2,R) X U{1), describes the propagation of strings in a four-dimensional, maximally 
symmetric plane wave with seven isometrics [23]. The study of the representation theory 
of the H4 affine algebra was started in [24] and the model was exactly solved in [25, 26]. 
Also the exact solution of the boundary CFTs of the maximally symmetric D-branes in 
this background is available [27]. 

In our first paper [2] we considered the abelian cosets of the Heisenberg group [24, 28, 
29] and showed that they provide a CFT description of several three-dimensional back- 
grounds such as the Melvin model [30], the conical point-particle space-times [31] and the 
null orbifold [32]. In the present paper we perform a detailed study of the diagonal cosets 
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of the Heisenberg group which exhibit a number of interesting new features. For these ex- 
amples both the numerator and the denominator group of the coset are non-compact and 
non-abeUan. To our knowledge such theories have hardly been studied from an algebraic 
point of view so far. 

As shown by Antoniadis and Obers these models have also a very interesting geomet- 
ric interpretation in terms of non-maximally symmetric plane waves [33]. In the paper 
mentioned above the authors discussed two special classes of diagonal cosets. The first 
class is given by a two-parameter family of singular geometries which are T-dual to plane 
gravitational waves. The second class describes a one-parameter family of gravitational 
waves with five isometries. Although it is well-known that cr-models associated with plane 
gravitational waves are always conformally invariant if the dilaton and the three-form flux 
are chosen appropriately [34, 35, 36, 37, 38], the identification of the underlying conformal 
field theories is a highly non-trivial task. The work of Antoniadis and Obers provided this 
identification for a whole class of plane wave backgrounds. 

In the present paper we generalise the analysis of Antoniadis and Obers in two re- 
spects. Firstly we show that by relaxing a few assumptions the diagonal cosets encompass 
further string backgrounds that have not been considered so far. In addition wc go beyond 
the pure Lagrangian and geometric description and make a significant step towards a full 
conformal field theory analysis of these models. One of the main results of our paper is 
the classification of all possible diagonal cosets of the Heisenberg group and the explicit 
construction of the corresponding cr-models. Since H4 is non-semisimple, it admits contin- 
uous families of non-isometric automorphisms, and each of them may be used to deform 
the standard diagonal embedding. Combined with the freedom of choosing different em- 
beddings of in the left and the right sectors of the original CFT the existence of these 
continuous families of automorphisms leads to an extremely rich number of possible coset 
models. They can be divided into three classes that we will refer to as (++), (H — ) and 

( ). Each class depends on several continuous parameters. For certain restricted choices 

of the parameters of the (-1— 1-) and ( ) classes, one recovers the models constructed by 

Antoniadis and Obers. 

In this paper we also present the derivation of the spectrum of the diagonal cosets using 
conformal field theory techniques. In order to achieve this goal we study the decomposition 
of the tensor products of affine H4 representations with respect to the embedded H4 algebra. 
In contrast to compact or abelian cosets the standard method of determining the branching 
functions fails since products of affine characters are usually divergent if considered as 
generating functions for the states of a representation. This problem already shows up 
at the level of the horizontal subalgebra, since the non-trivial unitary representations of a 
non-compact group are infinite dimensional. 

To circumvent this problem we develop a new method for the derivation of the affine 
coset characters which makes use both of character decompositions and of the knowledge 
of the tensor products of the horizontal subalgebra. The latter should be thought of as 
providing some analytical input which allows to deal with the mathematical difficulties of 
having infinite dimensional weight spaces. While we will be able to provide a complete 
answer for the decomposition of the tensor products of highest weight representations, we 
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only have partial results for the tensor products of spectral flow representations. The fact 
that the adjoint representation of if4 is indecomposable but reducible potentially leads to 
further complications. 

This paper is organised as follows. In section 2 we begin with a brief review of the 
construction of asymmetrically gauged WZW models. After a classification of the diagonal 
embeddings of the Lie algebra H4 we determine all possible diagonal cosets and derive the 
quantities needed for their Lagrangian description. In section 3 we present the metric, 
the dilaton and the antisymmetric tensor for our three classes of models. The background 
data are displayed only for two particular families of parameters while the most general 
expressions are collected in appendix A. In section 4 we proceed to a more algebraic 
treatment and derive explicit formulas for the diagonal coset characters. These results are 
used in section 5 to compute the spectrum of the three classes of diagonal cosets. Section 6 
contains our conclusions and some comments on possible extensions of our work. 

2. Classification of the diagonal cosets 

After a brief review of the Lagrangian description of the gauged WZW models, we classify 
all possible diagonal cosets of the Heisenberg group. We thereby generalise the analysis 
of [33] and provide the grounds for a thorough treatment of the coset geometries to be 
described in section 3. 

2.1 Asymmetrically gauged Wess-Zumino-Witten models 

Let G be a Lie group and H a Lie subgroup of G. A general coset model G/H is completely 
specified by the choice of two invariant forms (•, ■)g and (•, ■)h on the respective Lie algebras 
and the selection of two embeddings e,e : H ^ G. The coset space is then determined by 
the identification 

G/H = {gGG\gr^eih)geih-'),yh eH} . (2.1) 

Provided that the consistency requirement 

(e(X),e(y))^ = (e(X),e-(y))^ = {X,Y)^ for all X, y e f) , (2.2) 

is satisfied, these data define a conformally invariant a-model on G/H via the construction 
of gauged Wess-Zumino-Witten models [3, 4, 5, 6, 7, 8]. 
The starting point of this construction is the action 

5«/^(5,C/,F) = 5«(e(i7-i)5e-(F))-5^(C/-V) , (2.3) 

where g : T, ^ G and U,V : T, ^ H are group valued fields. Here the symbol S*^ denotes 
the WZW Lagrangian for the group G 

S'^ig) = {g-'dg,g-^dg)^dzAdz-^ J {g-'dg,[g-^dg, g'^dg]) ^ , (2.4) 
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and similarly S denotes the WZW Lagrangian for the group H. The action (2.3) is 
manifestly invariant under local if-transformations of the form 

g ^ e{h)ge{h-^) , U ^ hU , V ^ hV . (2.5) 

To further simplify the action (2.3), we introduce the gauge fields A = dUU~^ and A = 
dVV~^ and use the Polyakov-Wiegmann identity [39] 

S^igh) = S^ig) + S^{h) -^J {g-'dg, dhh'^)^ dzAdz , (2.6) 

to write 

S^/^{g,A,A) = S^{g) + ^ [{-{A,A)^ + {e{A),ge{A)g-')^ 

^""•^ (2.7) 

+ {e{A),dgg-^)Q - {g-'dg, e(A))g} dzAdz . 

There are no terms which depend only on U or V in the previous action because the 
condition (2.2) implies the relation 

S^{e{h)) = S^{e{h)) = S"{h) for all heH . (2.8) 

It is convenient to introduce the following compact notation for the Lagrangian (2.7) 

S^/"{g,A,A) = S^{g) + ^ j {A^MA + VA + b^A'jdzAdz , (2.9) 

where the gauge fields arc expressed in coordinates with respect to some concrete basis of 
the Lie algebra and the matrix M and the vectors b and b are implicitly determined by 
comparing the integrands of (2.7) and (2.9). The action is at most quadratic in the gauge 
fields and when the matrix M is non-degenerate they can be easily integrated out. The 
resulting action is a cr-model whose metric and antisymmetric tensor can be inferred from 

S^/"{g) = S^{g) - ^ J\^VM-H^dzAdz . (2.10) 

The background also includes a non-trivial dilaton [11], given up to constant terms by 

$ = --IndetM . (2.11) 
2 ^ ' 

When the matrix M is degenerate, the integration over the gauge fields results in the 
appearance of constraints for the cr-model fields. As we will see below in section 2.4, the 
diagonal cosets in the class (++) provide an example of this type. The occurrence of 
this and other somewhat unusual features is typical of gauged WZW models involving 
non-semisimplc algebras [40]. 

For a more detailed discussion of asymmetric coset models in the bulk and on the 
boundary we refer the reader to [5, 41]. 
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2.2 The Heisenberg algebra and the associated group manifold 

In this paper the general construction of the previous subsection will be applied to the 
diagonal cosets of the Heisenberg group H4^. The underlying Lie algebra, which will be 
denoted by the same symbol, is a four-dimensional non-semisimple Lie algebra. Its four 
generators Pi,P2,J and K satisfy the following commutation relations 

[Pi,Pj] = eijK , [J,Pi\ = djPj , (2.12) 

with ei2 = 1. In terms of the raising and lowering operators P"^ = Pi it iP2 the previous 
relations become 

[P+,P-] = -2iK , [J,P±] = ^iP± . (2.13) 

In our conventions, the generators Pi and P2 are hermitian while J and K are anti- 
hermitian. 

The Heisenberg algebra admits a two-parameter family of invariant bilinear forms 

{Pi,Pj) = A6ij , {J,K) = A , (J,J) = 2AA. (2.14) 

By a rescaling of the generators and a redefinition J ^ J — XK, it is always possible to set 
A = 1 and A = without affecting the commutation relations so that the metric assumes 
the standard form 

{Pi,Pj) = Sij , {J,K) = 1. (2.15) 

We also need an explicit parameterisation of the group elements. For the sake of easy 
comparison of our results with those of Antoniadis and Obers [33] we use 

g = e^-Pi e"-^ e^'^i e'^-^ . (2.16) 

In this coordinate system the action of a single H4 WZW model is 

S^*{g) = — dz Adz dudv + dvdu + dxdx + dydy + 2 cos udxdy . (2.17) 
Att J I J 

In a similar way the group elements of H4 x H4 will be parameterised by two sets of 
coordinates {ui,Vi,Xi,yi), z = 1,2. 

2.3 Classification of diagonal coset models 

In this section we shall provide a classification of all possible diagonal cosets of the Heisen- 
berg group H4. We will find three inequivalent families, each depending on six real param- 
eters. As we will explain, for special choices of the parameters the models in two of these 
families coincide with the models studied in [33] . 

Before we begin with a classification of all possible diagonal embeddings of the Heisen- 
berg Lie algebra let us first define more precisely what we mean by a diagonal embedding. 
We recall that there is a canonical way to define the action of a Lie algebra g on a tensor 
product of two representations. The corresponding action is implemented in terms of the 
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standard coproduct A which maps a generator X G g to A(X) = X0l + l(giXe00 0. 
Since the coproduct is injective and preserves the commutation relations it can be thought 
of as an embedding A : g ^ g©g. It is obvious that further embeddings can be obtained if 
one concatenates A with automorphisms of g and g©g, respectively. Inner automorphisms 
lead to equivalent embeddings so that one can focus on the group of outer automorphisms. 
If n is the order of the group of outer automorphisms of g, one should thus consider 2n^ a 
priori different possibilities, a factor n for each of the Lie algebras g and a factor 2 for the 
possibility of exchanging the two algebras in g © g.^ 

For simple Lie algebras the group of outer automorphisms is rather small, the maximum 
of n = 3 being achieved for g = Z)4. On the other hand, the non-semisimple Lie algebra 
g = Hi offers a great variety of automorphisms. The existence of a two-parameter family 
of invariant metrics (2.14) is paralleled by the existence of a continuous family of non- 
isometric automorphisms, which is the main reason for the significant number of diagonal 
coset models that can be constructed for H^. In fact, the automorphisms of simple Lie 
algebras are always isometric. They just correspond to symmetries of the associated Dynkin 
diagram. 

In the case of -ff4 it is possible to prove that the most general outer automorphism 
depends on a sign 77 = ±1 and two continuous parameters /x € M and v G M+. Its action 
on the generators is the following, 

^I'^J^'^^ : {Pi,P2,J,K) ^ {uPi,riuP2,riJ + fiK,riu''K) . (2.18) 

These automorphisms are isometric only when = 1 and /x = while in general one has 

(2.19) 

= {J,J) + 2fi{J,K) . 

Using the automorphisms fiij"'''^ we can now construct the most general diagonal embedding 
e : H4 — > H4 © H4 which is given by 

e = .i'l) X J^^^2,^2) j^O^,;^) _ (2.20) 

In fact, it is easy to see that the automorphism Q^^'^^ in (2.20) is redundant since it can be 
removed by a redefinition of the parameters of the other two automorphisms. Accordingly, 
the most general diagonal embedding is 

€(^^2) = mi'iH^^ + m''2Pi^^ , e{K) = r?iz/f + m4K(^^ , 

where the superscripts (1) and (2) refer to the two H/j^ factors. The embedding depends on 
four real parameters ^ui, ;[/2, I'l and 1^2 and on the pair of signs (??i??2) that will subsequently 
be called the class of the embedding. 

^All the outer automorphisms occurring here and below should be thought of as representatives of 
equivalence classes of outer automorphisms modulo inner ones. 
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We now turn to the classification of possible diagonal coset models. We first note 
that using the outer automorphisms just described we can always choose on H4 x H4 the 
standard invariant bilinear form with A = 1 and A = for both factors. This simply 
amounts to a reparameterisation of the group elements. 

We can then choose two embeddings of the form (2.21) and require that they satisfy 
the constraint (2.2), which ensures that we are gauging an anomaly-free subgroup. In terms 
of the parameters (?7i,/Xi,fj) and {fji,ili,i>i) of the two embeddings, Eq. (2.2) becomes 

ul + vl = vl + vl = A , ryi/xi + 772/^2 = mfii + 772/^2 = AA . (2.22) 

The left part of both equations should be read as a consistency condition while the right 
part defines the constants A and A. It is convenient to write the general solution of the 
previous constraint equations in the following form 

(^^1,1^2) = \/A (cos a, sin a) , {1^1,1^2) = \/A (cos a, sina) , 

(w,Ai2) = (?7iA/x,?72A(A - /x)) , {^1,^2) = {fjiAp.,fj2A{X- fi)) , (2.23) 

with a,a G (0, 7r/2). At this point it seems that we are left with four discrete and six 
continuous parameters. However two of the discrete parameters can be removed using the 
freedom of reparameterising the group elements. We already used this freedom to choose 
the standard metric on H^^H^ but we can still act with the outer isometric automorphism 
ri^l^'*. In this way we can set for instance r?i = r?2 = 1- 

We thus arrive at the conclusion that the diagonal cosct models based on the Heisenberg 
group _ff4 arc specified by two discrete parameters and six continuous parameters. Since 
the physical properties will strongly depend on the particular choice of signs (ryir/2); this 
tuple will be called the class of the coset. It labels distinct families of models. In each 
family there are two special choices of parameter, namely a = a and a = Tr/2 — a. The 
resulting models will be referred to as "symmetric" and "twisted" gaugings respectively. 

The (++) and ( ) families of diagonal cosets with a = a and A = /i = /I = correspond 

respectively to the vector gauged model and to the vector-axial gauged model studied in 
[33]. 

Prom the explicit construction that will be performed in the next section, it turns out 
that the parameters a and a always label inequivalent models. On the other hand the 

parameter A disappears from the action. For the families ( ) and (H — ), the parameters 

/i, and A can be removed by a simple coordinate redefinition and do not generically affect 
the spectrum of the model, unless the coordinates vi or V2 are compact. Finally, the family 
(++) has a non-trivial dependence on the difference fi — p, which can however be removed 
by a T-duality transformation. Consequently, the number of physical parameters is slightly 
smaller than indicated by our purely algebraic reasoning. 

2.4 Derivation of coset data and gauge fixing 

In this section we compute the quantities M, b and b that were defined in Eq. (2.9). Thereby 
we completely specify the action of the gauged WZW model. We also describe our gauge 
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choices for the different classes of models. The gauge field takes values in the Lie algebra 
Hi and can be written as 

A = AiPi + A2P2 + A3J + A4K , A = AiPi + A2P2 + AsJ + A4K . (2.24) 

We embed these fields in the numerator algebra using the two embeddings e and e, 

e{A) = viAi P-i^^ + z^i^ P^^^ + ^3 J^^^ + [J^i^ + /"I A3] K'^^^ + (1^2) , 

e{A) = uiAi P^^^ + fiiiyiA2 Pj^^ + mAsJ^^'^ + [mufA^ + fiiAslK^^^ + (1^2) . (2.25) 

The expression (1^2) indicates the presence of a similar contribution in the second factor, 
obtained by replacing the label 1 by the label 2 in the superscripts of the generators and 
in the subscripts of the parameters. The explicit form of the matrices Ad, b and b is then 



M 



Pixisi »7ii?i(i;ici+j/i) -^+fjilJ.i+ili-^fii{xl+yl+2xiyici) 











+ (1^2) 



b = 



ui{dxi+c-idyi) 
vi{sidyi-xidui) 

dvi-\-xis\dyi — j-9i(i+/ii9tii 

-vi{cidxi+dyx) 
—■qiv\{-sidxi+y\dui) 



+ (1 



2) 



(2.26) 



V 



+ (1^2) 



-Hidui-T]! (^dvi+yisidxi-^dui^ 

In the previous expressions we introduced the abbreviations Cj = cos(iii) and Sj = sin(ni). 
As before, the notation (1 -^-^^ 2) stands for an additional term identical to the first except 
for the relabelling of all the indices. 

We now turn to the gauge fixing conditions for the local symmetry 



of our models. For the two classes ( 
fields satisfy the following relations. 



(2.27) 



and (H — ) we choose a gauge where the a- model 



X2 



X cos a 



xsma , 



2/1 
y2 



ycosa , 
— ysinci , 



U2 



-U , 



Vl 
V2 



(2.28) 



The resulting matrix M is non-singular and after integrating over the gauge fields one 
obtains a u-model action of the form displayed in Eq. (2.10) with a dilaton given by 
Eq. (2.11). The resulting background fields are discussed in sections 3.2 and 3.3. 

For the cosets of type (++) the matrix M turns out to be singular and it has the 
following form 



M 



M 




(2.29) 
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where M is a non-singular 3x3 matrix. We first fix the gauge freedom associated with 
the transformations generated by Pi, P2 and J setting 

x\ = xcosa , X2 = xsina , 2/1 = 2/2 = . (2.30) 

Since in this case the fourth row and column of the matrix M vanish, the fields A4 and 
A4 appear in the Lagrangian of the gauged WZW model only in the following two linear 
terms 

= 2{iyfdui + vldu2)Ai - 2{uldui + z?|9u2) . (2.31) 
Up to a total derivative the previous expression is equivalent to 

Ca^ = {dAi - dAi) U + {dAi + dA^) V , (2.32) 

where 

U = {vl + uDm + {yl + vl)u2 , V = {vl - uDm + {ul - vl)u2 . (2.33) 

We can fix the gauge freedom associated with the transformations generated by K choosing 
the gauge dA^ + BA^ = 0. The integration over the gauge field A4 then leads to the 
constraint U = 0. We can modify this constraint by adding the total derivative jCp = 
—Ap{dA4 — dA4) to the Lagrangian where p is a real constant. The constraint then becomes 
U = Ap and its general solution reads 

ui = {l-j)u + p , U2 = -{l + j)u + p , (2.34) 

where 

7 = cos (a — a) cos (a + a) . (2.35) 

Due to the presence of the constraint U = p, the construction of the asymmetric models 
with Vi / i>i might not be entirely straightforward. In particular it is not clear if it leads 
to non-trivial conformally invariant cr-models. We leave the general discussion to a future 
publication and in the rest of this paper we shall only consider models in the (++) class 
with Vi = Vi or, equivalently, a = a. Since the matrix M is non-singular, after integrating 
over the remaining gauge fields one obtains again a fj-model action of the form displayed in 
Eq. (2.10) with a dilaton given by Eq. (2.11). The resulting background fields are discussed 
in section 3.4. 

3. Coset geometries 

The coset construction for the various embeddings considered in the previous section gives 
rise to a number of interesting geometries. They are all particular examples of a class of 
string backgrounds related to plane waves by abelian T-duality transformations [42]. For 
this reason we briefly review the properties of gravitational plane waves at the beginning of 
this section. We then discuss the geometries associated with our three families of diagonal 
coscts. The general features of each class of models will be illustrated by two simple 
choices of parameters: the symmetric gauging a = a and the twisted gauging a = -k /2 — a. 
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As we will see the symmetric gaugings always lead to singular backgrounds while the 
twisted gaugings are non-singular for generic values of the parameters. Consequently the 
asymmetry in the parameters a and a. allows to interpolate between singular and non- 
singular backgrounds. The parameters A, and /i can generically be removed by a change 
of coordinates. 

The background fields that correspond to the most general choices of parameters are 
collected in appendix A since the resulting expressions are quite lengthy. 

3.1 General plane waves 

The curved space-times that correspond to the diagonal cosets of the Heisenberg group 
belong to a class of four-dimensional string backgrounds introduced in [42] . These models 
have a covariantly constant null Killing vector and are either plane waves or are related to 
plane waves by a T-duality transformation with respect to an abclian non-null isometry. 
Following the notation in [33], the metric, dilaton and antisymmetric tensor of a general 
plane wave string background are given by 

ds^ = 2dCdC-2\f{u)C^ + f{u)C'^ + F{u)CC\du^-2dudv . 

% = ib{u) , ^ = -log g{u) . (3.1) 

Here f{u) is a complex function, g{u) and b{u) are real functions and the function F{u) is 
given by 

F{u) = -dl log g{u) + ^ [dub{u)] \ (3.2) 

The previous equation is equivalent to the condition (5'^ = where is the one-loop beta 
function for the metric of the d-model. In fact the only non-trivial component of the Ricci 
tensor for the metric in (3.1) is 

Run = 2F(n) . (3.3) 

The one-loop beta functions /3* and (3^ for the dilaton and the antisymmetric tensor vanish 
identically. 

The backgrounds in (3.1) were classified in [33] according to their isometries. For 
generic choices of the functions f{u) and F{u) they have five isometries. There is an 
additional isometry when f{u) = or when f{u) and F{u) are both constant. Finally when 
f{u) = and F{u) is constant the background (3.1) has seven isometries and coincides 
with the WZW model [23], the maximally symmetric plane wave in four dimensions. 

3.2 The cosets of type ( — ) 

We can now follow the procedure described in the previous section and derive the back- 
ground fields of the coset models that belong to the ( ) class. The symmetric gauging 

coincides with the axial-vector gauging discussed in [33] and leads to singular plane waves. 
The general models with a ^ a are still plane waves but now without singularities. In 
fact from the explicit form of the background fields of the twisted gaugings one can easily 
see that the corresponding models smoothly interpolate between non-singular spaces and 
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a special singular point where the symmetric and twisted gauging coincide. For readers 

interested in the general asymmetric coset of type ( ) we collected the corresponding 

background fields in appendix A. 

3.2.1 Symmetric gauging 

In order to make contact with the work of Antoniadis and Obcrs [33] it is useful to replace 
the angle a = a by the new parameter u = tan a. The parameters of the model are then 
specified in the following way 

1/1 = 1 V2 = A^i = Aju At2 = A(A - /x) 

Ui = I = V fii = — A/x p,2 = — A(A — fi) , (3.4) 

with A = 1 + i/^. Given this choice of parameters and the gauge fixing (2.28), we obtain 
the following metric 

ds^ = Adudv -\ —, — Y dx^ H — dxdy -\ dy^ 

2z/^(l — cos('u)j z/^(l — cos('u)j 2z/^(l — cos('u)j 

{l-v'')Ul-v'^)x + {Av'' + r+{u))y\ , , 

dxdu 



2i/2(l + zy2)sin(tx) 
{l-v'')r-{u)x+{{l + v'^f-mv^cos{u))y 

2z/2(l + 1.2)2 gin(„) 



dydu (3-5) 



8zy2(i + j,2)2(i + cos(tx)) 4u^{l + cos(n)) 



where 



r±(u) = l + v'^±2v'^cos{u) . (3.6) 

The last term in the metric can be removed by the coordinate transformation v ^ v — 
with constant ^. Since the three-form flux H vanishes, the only other non-trivial back- 
ground field is the dilaton 

$ = -^\nW{u) . (3.7) 

It is (^as\- (c) check that the metric above coincides with the one in [33] after setting v = 
1^(1 — /c)/(l + k) and rescaling the coordinate v. The resulting background is a singular 
plane wave belonging to the family (3.1). The only non- vanishing component of the Ricci 
tensor is Ruu and it turns out to be proportional to 

F{u) = -l/sin2(tx) . (3.8) 

Following the series of coordinate transformations that have been described in [33] one can 
also determine the function 

/H = ^ ■\r J cos(tx)-msin(tx)]e'"" , (3.9) 
2sm (u) 
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which together with g{u) = sin-u and b{u) = completely specifies the background in (3.1). 
3.2.2 Twisted gauging 

As mentioned above, all the other models in the ( ) class of diagonal cosets are non- 
singular. Their main features are well illustrated by the following simple choice of param- 
eters 

1/1 = 1 U2 = v III = A/j, = A(A — n) 

v\ = V i>2 = 1 = -AfL fl2 = — A(A - p.) , (3.10) 

with A = 1 + v^. Note that in this case we have vi = i>2 and i>2 = i>i which is the reason 
for the name "twisted gauging" given to this class of models. With the previous choice of 
parameters and the gauge fixing (2.28) the metric reads 

J 2 .J , R^{u) , 2 2(1-1/2) 2z/(l - 1/2) sin(tx) ^ , 

as = Adudv + — — i-^ ax — axay + ay ;r— — r-^— yaxau 

R-{u) R-{u) ^ ^ {l + i'^)R-{u) ^ 

2i/(l - z/2) sin(u) , , 8i/2(2i/- (l + z/2)cos(u))sin(u) , , 

+ n _L 2\T}+( \ xdydu ydydu 

{l + v^)R+{u) {l + v^)R+[u)R (u) 

(d.llj 

(1 - u'^fR-{u)x^ - 2(1 + 5;/2 - 5;y4 _ ^6)^^ + (1 - v'^fR+{u)y'^ 2 

4(l + Z/2)2^+(^) 
1 + ^2 ' 

R^{u) = l + i/2±2z/cos'u . (3.12) 



where 



The dilaton is given by 

$ = -^ln(l + 2/^^-21/2 cos (2m)) = -^ln{R-^{u)R-{u)) , (3.13) 
and in this case there is also a non-trivial two-form field 3^,^ with flux 

2u(l - z/2) (l + 4zy2 + + 2zy2 cos(2?x)) sin(u) 
H = '\ / ^-^dxAdyAdu . 3.14 

The previous background fields describe a non-singular plane wave. In fact the Ruu 
component of the Ricci tensor is 

F{u) = ^ [(1 + 1/2)4(1 - 18z/2 + 1.4) 

A{l + u^)^{R+iu)R-{u))'^ 

+ 8l/2(l + zy2)2(5 _ 2j,2 + 5^4-) ^Qg2^^^ ^ -^g^4(^ _ ^2^2 ^^^-i^^^] ^ 

Like before it is also possible to determine the function f{u) specifying the background 
(3.1). One finds 
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In contrast to the symmetric case this time f(u) does not exhibit an imaginary part. Note 
that both quantities F{u) and f{u) are always regular for v ^ 1. Accordingly, by deforming 
the action of the subgroup from the symmetric to the twisted action we completely removed 
all singularities. 

3.3 The cosets of type (+-) 

The second class of cosets corresponds to = 1 and ^2 = — 1- As before we shall discuss 
two special choices of parameters, the symmetric and the twisted gaugings. The geometric 
data for the general choice of parameters are displayed in appendix A. 

3.3.1 Symmetric gauging 

We start our discussion with the symmetric case 

ui = 1 V2 = V /xi = A/x /X2 = A(A — 11) 

ui = 1 = v fli = Ap, A2 = — A(A — fl) , (3.17) 

with A = 1 + Following the standard procedure we obtain the metric 

^ " I-COS(U) (1 + Z/2)(1 -COS(U)) ^ 

v"^ [(1 + v'^f - (3 + 2zy2 - zy4) cos(n) + 4(1 - z/^) cos^{u)\ ^ 

^ (l + Z.2)2(l_cos(u)) 

+ (1 - i^^) cot(u/2)/z/^ xdxdu 

+ + 2v'^{\ + cos{u))] cot(u/2)/z/2(l + u'^) ydxdu 

+ (1 + f'^ - 2z/^ cos(u)) cot(n/2)/i/^ xdydv, 



+ (1 + 2u^ + 4i/^ + 2z/6 - - 4z/'^(3 - z/^) cos(u)) cot{u/2)/u^{l + ydyd 



u 



- (1 - z/^)/4z/2 x^du^ - (1 - z/^)(3 - z/^ + 2cos(n)) /2z/2 xydi 



4l/2(l + Z/2)2 
(1 + 1/2) (_2A + //(I + 1/2)2 ^ -(-^ _ ^4)^ ^^2 



(3.18) 



The last term can be removed by the coordinate transformation v ^ v — with constant 
^. The B-field is pure gauge and the dilaton is given by 

1 u 

$ = --Insin^- . (3.19) 



The Ruu component of the Ricci tensor is 

F{u) = 

and therefore we obtain again a singular plane wave background. 



F{u) = -l/4sin2- , (3.20) 



-14- 



3.3.2 Twisted gauging 

Also in this case we illustrate the main features of the models that correspond to a general 
choice of parameters with the twisted gaugings 

1/1 = 1 1/2 = 1/ fii = A/j, M2 = A.(A — /J,) 

Ui = V 1/2 = 1 fli = Ap, /X2 = — A(A — p,) , (3.21) 

with A = 1 + z^^ . The metric reads 

n , n, , n R+ (u) , 2(l + Au^ -u^- Au^ cos^f^)) 

1 + llz/2 - 51/"^ + - 2zy(l + z/2)2 cos(tf) - 8z/2(l - u"^) cos^{u) ^ 
^ {l + v^YR-{u) ^ 

v R (u) {l + i/'^)R (n) 

r2(l-3l/2-i/4_z/6)+4,^3(;L_^j^2)^,Qg^^)lg-^^^) 

— -'^ -— ^ xdydu 

u{l + u^)R {u) ^322) 

[2z/(l - 3z/2 - 5i/^ - + 4(1 - 3zy2 + 5z/^ + z/^) cos(«)] sin(i 



(l + zy2)2^-(^) 



■ ydyau 



2,2 l-5z/2 + 3z/'' + z/6-2z/(l-i/^)cos(u) ,2 



(1 - [(1 + j.2)3 _ 4^(1 _ 4j,2 _ ^4) pQg(^)j ^^^^^^^ 



4z/2(l + :.2)2 

+ (1 + [^(1 _ 1.4) _ + _ j,^) + ^(1 + ^.2)2] /^2 ^^2 ^ 

where the functions R'^{u) were defined in (3.12). The background also supports a dilaton 

$ = ~ln{R-{u)) . (3.23) 

and a non-trivial three-form flux 

(1 - z/2) (1 - 1/2 + 21/ cos(n)) (1 + 4i/2 + _ 2i/(l -I- zy2) cos('u)) sin('u) 
H = ^ — 2^p / ^ dxAdyAdu . 

(3.24) 

The Ruu component of the Ricci tensor is given by 

F(u) = , ^ , ^A l + Qv'^ + - b2v^ + 3i/^ + 6z/^° + i/^^ (3.25) 

I61/* R [uY L 

- 4i/(l + z/2)(l + 2z/2 - lOz/"^ + 2i/^ + i/^) cos{u) + 4z/2(l - 1/^)2 ^^^^2,^^^ 

From the previous expression we can see that also for this class of models the singular 
behaviour of the background fields of the symmetric coset is regularised by an asymmetric 
choice of parameters. 



-15- 



3.4 The cosets of type (++) 

The last family of models corresponds to the choice 771 = ?72 = 1- In this case, as mentioned 
in section 2, we restrict our analysis to the symmetric models with a = a, due to potential 
subtleties with the constraints and the gauge fixing procedure for the general models. With 
this choice of parameters the metric, the antisymmetric tensor and the dilaton are 



1 



+ -^^dxdcp + —^d(p^ \^ F^{u)du^ 



— 2dudv 



A(u- n)2F_(u) ^ 1, r 2a / M 

= ^2 A(V ' ^ --ln[x'A{n)] , (3.26) 

where we defined the auxiliary functions 

A(n) = sin2(2a) sin2(u) , F±{u) = 1 + ll{u) + ll{u) ± 2li{u) , (3.27) 

with 

h{u) = cosucos{'~fu — p) + ^ smusm{'ju — p) , (3.28) 

h{u) = 7sinucos(7'U — p) — cosnsin(7'u — p) , (3.29) 

and 7 = cos (2a;). In the process of recovering the background data from the gauged WZW 
Lagrangian (2.10) we introduced the new coordinates 

^ = ^"Y^ , V = -{l-j)v, + il + j)v2 , (3.30) 
and performed the following change of variables 

if ^ if + 2A[X{1 + -f) - {p + jl)]u . (3.31) 

When p = p = the curved backgrounds (3.26) coincide with the vector-gauged models 
discussed by Antoniadis and Obers [33]. In the general case there is an additional term 
in the metric and a non-trivial three-form fiux, both proportional to the difference p — p- 
The Ricci scalar 

clearly exhibits the singular nature of the background. Upon performing a T-duality trans- 
formation along the tp direction we obtain a plane wave background which does not depend 
on p and p. The explicit form of the dual background is 

= \dx'^ + x'^dO'^] - 2dudv , (3.33) 

Be. = $ = -^ln[F_(n)] , (3.34) 

where 9 is the T-dual coordinate. The parameters p and p were removed by the coordinate 
transformation v ^ v — 2A{p — p)6. 
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4. Coset chciracters and representation theory 



The vertex operators of a coset conformal field theory G/H transform in irreducible rep- 
resentations of the coset chiral algebra. The goal of this section is to derive the characters 
of these representations in order to provide a precise description of the cj-model spectrum. 
Due to the non-compactness and non-semi-simplicity of the numerator group the standard 
methods of determining the branching functions fail. The reason for this failure may be 
attributed to unavoidable divergences which arise in the product of characters belonging 
to infinite dimensional representations of the horizontal subalgebra. In this section we 
propose a method to circumvent this problem. Our approach makes use of both character 
techniques and the knowledge of tensor products of the horizontal subalgebra. Since our 
method only rests on the absence of singular vectors on higher energy levels it should be 
applicable to general non-compact coset theories. We briefly comment on subtleties which 
arise in connection with the decomposition of tensor products involving spectral flow repre- 
sentations and the potential occurrence of representations that are not fully decomposable. 

4.1 Semi-classical analysis 

We begin this section with a discussion of the semi-classical approximation to string prop- 
agation on group manifolds and their cosets. This allows us to introduce the unitary 
representations of the Heisenberg algebra and to illustrate in a simple context the 
relation between coset characters and branching functions. 

When all the length scales in a problem are large compared to the string scale, there 
is no significant difference between the behaviour of a string and the behaviour of a point 
particle. In this semi-classical approximation the Hilbert space of states for a string moving 
on a non-compact group manifold G coincides with the space of functions J^{G) which are 
(5-function normalisable. This space admits a left-right-regular action of G and decomposes 



where the direct integral runs over a certain set of unitary irreducible representations ji 
of G. In the case of the Heisenberg group, T{H4) can be written as a direct integral 
over three classes of representations [43] . There are two families of so-called discrete series 
representations {±,p,j) (with p > and j G M) and one family of continuous series 
representations (0, s,j) (with s > and j defined modulo 1). We will use the same symbols 
later when we talk about the associated Lie algebra. 

All these representations are infinite dimensional, thereby reflecting the non-compactness 
of the group manifold H4. The J and K eigenvalues of the states in a given representation 
H are encoded by the characters 



as 




(4.1) 



Pn{z,w) = 




(4.2) 



whose explicit expressions are 



l-z ' 





1 ' 




nez 
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The characters should be thought of as formal sums counting the multiplicity of states with 
given quantum numbers. 

In a similar way the Hilbert space of a coset theory is given by T{G/H). This space 
coincides with the subspace of !F{G) consisting of the i^-invariant functions 



IhyhHG) := {f eJ'{G)\f{g) = f{e{h)ge{h~')),^gGG,^heH} 



(4.4) 



where e and e denote the two embeddings of in G used to define the coset. Since J'{G) 
can be decomposed according to Eq. (4.1), we can obtain an explicit description of T{G/H) 
by first restricting all G-representations to i?-representations = ©a&/i"Kj and then 
taking the i7-invariant part by coupling the tensor product of left and right factors to the 
trivial representation. 

In the case of diagonal embeddings the branching coefficients are just the tensor prod- 
uct coefficients. In order to deduce the branching functions for the diagonal cosets of the 
if4 WZW model we will thus need the following tensor products of representations of the 
Heisenberg group [43]^ 

oo 

(±|pi,ii) ® (±|p2,j2) = 0(±|pi+p2,jl+j2±n) 



n=0 



(±bi,ii) ® (Tb2,i2) 

(±|pi,jl)(g)(0|(7,i2) 
(O|S1,J1)0(O|S2,J2) 



©^0 ("^Ibi - P2\,h+h-Tn) , T = ±sign(pi-p2) , Vi P2 
J^dss{Q\s,ji+j2) 



0(±bi,Ji+i2+n) 

neZ 



Pi =P2 

(4.5) 



j-2ir 

Jo 



2^ 



(0|s(V),jl+j2) 



s'^{lp) = si + S2 + 2siS2 COS ip . 



Writing these tensor products in terms of characters one can derive some formal rules to 
interpret the following a priori ill-defined products 



P{+\p,h) P{-\PJ2) 



1 



1 



l-zl- z- 



yn+ji+j2 



E 



n+m+ji+j2 



poo 

/ ds s 

Jo 2n It 



(4.6) 



+j2 



These rules will be a valuable aid below when it comes to decomposing certain products 
of afHne characters. 

4.2 AfHne representation theory 

The symmetry algebra of the WZW model based on the Heisenberg group is generated by an 
affine B./^ algebra. In this section we define the i?4 algebra giving the commutation relations 



^As a function the product is obviously well-defined but not a priori as a generating function for the 
states in the tensor product representation. 
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for the modes of the afhne currents. We then discuss two classes of representations, the 
standard representations and the spectral flow representations [17]. The difference between 
the two is that the spectrum of the Virasoro generator Lq is not bounded from below in 
the spectral flow representations. 

4.2.1 Standard representations 

The affine H4 algebra is defined by the commutation relations 

[Pn^Pm] = 2n(5n+m,0 - 2iKn+m , [Jfi, Pm] = T^-P^+m ' [<4,-^m] = riSn+m,0, (4.7) 

with n,m € The simplest class of irreducible representations of i?4 are the highest- 
weight representations, generated by acting with all the negative modes of the currents 
on an irreducible unitary representation of the horizontal subalgebra. Generalising the 
definition given for the horizontal subalgebra, we introduce the following characters 



Here Jq and Kq are the zero modes of the corresponding affine currents and Lq is the zero 
mode of the energy-momentum tensor 

Due to the absence of singular vectors explicit expressions for the characters are easily 
computed 

X(+|^,,)(9, z, w) = (1 _ ^)^(^)2 Yl^^^il - zqn){l - z-U^) ^ < 1^1 < 1 i 

^(4.)(«'^'-) = (i-.-iM,)2n~,(i-.gn)(i-.-v) ^'"'^'^ ^'-'^^ 



(o|.,j)W'^'^i r/(g)2nr^i(i-^g")(i-^-ig'^) viqY 



The conformal weights of the ground states of these representations coincide with the 
eigenvalues of the modified Casimir operator associated with the energy-momentum tensor 
in Eq. (4.9). They are given by 

2 

p S 

h±\p,j) = i^{^-p)^pj , Vkj) = Y • (^-11) 

For future reference we also show how these expressions arc modified when the invariant 
metric on H4 is not the standard one but has the general form (2.14). The conformal 
dimensions then become 



{±\p,3) = A (2^^-^J 2A2' = 2A • ^"^--^^^ 
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As it is the case for the SL{2,M.) WZW model [17], only a subset of the highest-weight 
representations is part of the spectrum of the theory. For i?4 the allowed highest-weight 
representations are (0|s, j) and (±|p, j) with p G (0, 1) [44, 25]. In the following we will call 
them standard representations. States with p> 1 belong to a different class of representa- 
tions called spectral flow representations [17] in which Lq is not bounded from below. 

4.2.2 Spectral flow representations 

The name of this class of representations has its origin in the observation that the H/^ 

current algebra admits a family of spectral flow automorphisms S^^, u; G Z, which act on 
the modes as 

E^(P±) = P„%^ , S^(J„) = J„, ^UKn) = Kn-iioSno . (4.13) 

From this definition one also readily derives the action 

S^(L„) = Ln-iujJn, (4.14) 

on the Virasoro modes. Given a representation implemented on the space TCj^ via the 
map : Ha ^ End('H^), we can define a new representation ji^ which acts on the same 
space via the map p^^^ = Pn° In view of its construction /x^ is called a spectral 

flow representation. Spectral flow representations also exist for affine Lie algebras based 
on compact real forms of finite dimensional semi-simple Lie algebras but in this case Lq is 
still bounded from below and it can be shown that they are equivalent to ordinary highest- 
weight representations. This, however, is not the case for non-compact affine algebras and 
in particular for H^. The inclusion of the spectral flow representations in the spectrum 
allows to extend the range of the label p from the unit interval to the whole positive real 
axis. 

Using the equations (4.13) and (4.14) one can easily relate the character of to 
the character of the underlying standard representation p. Indeed, a simple algebraic 
manipulation within the trace yields 

xii^{q,z,w) = w'^xi^{q,q"^z,w) . (4.15) 

In order to simplify the notation we will henceforth identify the label Pui=Q with p whenever 
there is no chance of confusion. 

4.3 Tensor product decompositions for the diagonal coset 

In this section we analyse the decomposition of the x representations with respect 
to the diagonal subalgebras ei^H^) which are relevant to the curved backgrounds discussed 
earlier in this paper. We explain why the standard character decompositions fail and 
provide a method which allows to circumvent these problems by using a mixture of charac- 
ter techniques and analytical input from tensor product decompositions of the horizontal 
subalgebra. 
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4.3.1 General strategy 

The afHne standard representations relevant for the H4 WZW model are all induced from 
infinite dimensional unitary representations of the horizontal subalgebra. The modes, how- 
ever, which are used to generate the remaining states transform in the finite dimensional 
adjoint representation which is non-unitary, a common feature of all WZW models based on 
non-compact groups. Yet, in the present case there is an additional complication because 
the adjoint representation is reducible but not fully decomposable, reflecting the non-semi- 
simple nature of the Lie algebra H4. 

In this section we describe a method to derive the decomposition of the tensor prod- 
ucts of standard afiine representations. Our general strategy is to decompose the afiine 
representations into representations of the horizontal subalgebra on each energy level first. 
Then we use the known tensor products for the horizontal subalgebra in order to deter- 
mine the tensor product energy level by energy level. Finally we reorganise the result and 
express it in terms of affine characters again. This last step is in fact greatly simplified 
by the absence of singular vectors in the affine modules that are relevant here as we will 
explain below. 

The main advantage of the method just described is that it allows to combine char- 
acter techniques with the analytic knowledge about the tensor products of the horizontal 
subalgebra displayed in Eq. (4.5). This is very convenient for non-compact groups since 
the unitary representations are infinite dimensional. Unfortunately this method cannot 
be applied directly to the spectral flow representations, as discussed in more detail in 
section 4.3.3. It also fails if a given tensor product turns out not to be fully decomposable. 

As already mentioned, the standard modules relevant for the WZW models are simply 
obtained by applying (properly symmetrised) combinations of negative modes to the ground 
states. Together with the absence of null vectors in the resulting Verma modules this allows 
us to represent the standard affine representations ft in the form 

(^\h4 = q'''' M{q) . (4.16) 

Here, /x is the underlying representation of the horizontal subalgebra and M{q) denotes 
the universal enveloping algebra of the subalgebra generated by the negative modes of the 
i74-currents. The variable q keeps track of the energies of the states. Since all the modes 
of the affine currents transform in the adjoint representation we can write 

M{q) = l-|-Q'ad-|-g^[ad-|-(ad(g)ad)syin] -|-g^[ad-|-ad(g)ad-|-(ad(g)ad(g)ad)sym] H ■ (4.17) 

As discussed in appendix B, the tensor products of the adjoint representation contain 
indecomposable but reducible representations. However it is easy to see that the tensor 
product ad® {±\p,j) is fully reducible. In fact indecomposable representations can only 
appear when the eigenvalue of Kq vanishes in the tensor product. The three examples 
of not fully decomposable representations relevant for us are the tensor products ad^", 
(0|si, ji) (0|s2, ^2) and (+|p, j'l) 'Si {—\p,j2)- These cases are also analysed in more detail 
in appendix B. 
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From the previous paragraph we conclude that the product in (4.16) is fully reducible 
when /X = {±\p,j) and we obtain 



{±\p,j)^M{q) = 0iV[^^^,(g) (±|p,j + n) . (4.18) 



neZ 



We can derive the explicit form of the multiplicity functions ^["^^ „]('?) by writing the 
previous equation in terms of characters. The character of M{q) is given by 

oo _-|^ 

XM{q,z) = n[(l-9")'(l- V)(l-^-V)]" • (4.19) 
n=l 

For |g| < l^l < 1 a more convenient form is [45, 2] 

x„(<,,.) = j:.-j:i-ir'»n — J'-" ) . (4.20) 

neZ m=l 

Since this function is symmetric with respect to the replacement z i— s- 1/z we can also write 

„f (m+2|n|-l)+i/-| _ m\ 

XmM = E^-El-^""'^^ ' ' ■ (4.21) 

neZ m=l 

Substituting the previous expressions for XM{q,z) in Eq. (4.18) and comparing the coeffi- 
cients of identical powers of the variable z on both sides of the equation we obtain 

, ^ f(m+2H-l)+iQ_ 



m=l 



Note that, as anticipated by our notation, the result does not depend on j. 

When jj, = (0|s,j) we cannot follow the same approach because the tensor products 
(0|s, j) (g) ad are reducible but not fully decomposable (see appendix B). Similar problems 
can be expected for all non-compact groups and their non-abelian cosets. For instance in 
the case of SL{2, M) the non-complete reducibility enters on sufficiently high energy levels 
in the discrete series of affine representations with half-integral spin. 

We now apply the decomposition of the affine modules in (4.16) to the tensor product 
of two affine representations jl® 0, in order to compute the branching functions b[ij,,u,a] {q) 
in the tensor product decomposition jl®v = 0^ b[^l,u,a] (q) ^- We obtain 



- H^''^'^'' IJi®i'®M{qf = [n^v® M{q))\jj^ , (4.23) 



where the hat over the tensor product representation on the right hand side indicates the 
affinisation of the iJ4-representation /x(8)i^(8)M(g). This affinisation should be understood as 
an induced i^4-modulc based on the given representation of the horizontal subalgebra. We 

are assuming that the affine representations on both sides of the previous equation contain 
the same factor M{q) coming from the higher modes. This is true because the Vcrma 
modules are irreducible. To evaluate ji ® u ® M{q) we first perform the tensor product 
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^ (g) 1/ = (BaN^jj a using eqs. (4.5) and then calculate energy level by energy level the tensor 
product of infinite dimensional representations with finite dimensional ones using character 
techniques. The final result is schematically given by 

fi^u®M{q) = 0iV;,iV^V(9)P = ©Wl(9)P • (4-24) 

a,p p 

4.3.2 Decomposition of the tensor products of standard representations 

We now apply the procedure just outlined to the decomposition of the H4 x H/^ represen- 
tations with respect to the diagonal subalgebras discussed in section 2. With no loss of 
generality we may assume that the embedding is of the form (2.21) with rji = 1. All other 
choices can be reduced to this one by a suitable automorphism. 

Before giving the general result, we derive in some detail the characters of the represen- 
tations of the coset chiral algebra that appear in {+\pi,ji) <8) (+|p2j J2)- We first compute 
the following tensor products 

00 

(+|Pi,Ji)«' (+|P2,j2)«>M(g) = 0(+|z/iPi + i^|p2,ji+j2+n)®M(g) 

n=0 

°° of ("^-2'-l)+5n - 

= e(+, ^IPi + ^iP2,n + .2 + n + E i-^r^' ,(a)} 

n=0 l€Z m=l 

= 0(+l^iV + ^2V,Ji + J2 + ^(-1)'"+^ ^ . (4.25) 

l€Z m=l 

Then we include all the factors q^'''^ and gr~24 required by the definitions (4.8) and (4.16). 
The final result for the coset character is 

M.-^fT./fT. a^(+\Pl,n)^^i + \P2:i2)~^(+\P,n+j2+") m/ , n , T\ 

'^[{+|PiJi),{+|P2,j2);(+|pji+j2+n)]^«^ „('„\4 

m=0 

(4.26) 

withp = v\'p\-\-v\'p2- Prom the previous expression we can read off the conformal dimension 
of the coset primary fields 



^_ff4XH4/-ff4 

[(+|piJi),(+b2J2);(+|pJi+j2+n 



+ ^{+Ip2,i2) - ^(+bji+j2+n) > forn > 



.^(+|piji) + ^(+|P2J2) - ^{+|p,ji+j2+n) - ,forn<0 . 

(4.27) 

All other cases of the form \i\ ® \i2 with n\ = (ib|pi, ji) and //2 = (i|P2! J2) can be treated 
in exactly the same way. The result can be written in the following compact form 



m=0 



^H4xi/4/i?4 ^ r'^i + ^^-^ - , forn > 

[/il,;i2,/il2(n)] I , , , c ^ r. \ ■ I 

l^/i/ii + ^/.2 - 'i/ii2(n) - « , for < . 
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The label Huin) is specified by the following rules that simply reflect the tensor products 
of the horizontal algebra 



fJ-i fJ'2 P>0 Hi2{n) 

{+\Pi,h) {+\P2,j2) i^iPi + Ap2 (+b, ji + 32 + n) 

(- bi , h ) (- \P2 , 32 ) i^iPi + Ap2 (- \P, ji + 32 - n) 

{+\Pi,h) {-\P2,32) i^fpi - i^Ip2 {+\p, ji + j2 - n) 

{+\PiJi) {-\P2,32) i4p2 - ^iPi {-\P, 31 + 32 + n) 

In the previous and in the following formulas the conformal dimension of the representations 
of the embedded algebra are given by (4.12), since one should use the induced metric on 
e{H4). 

The only cases that require a different approach are the product (+|pi,ii) i—\p2,j2) 
with i^iPi~i'2P2 = and the product (0|si, ji)iX'(0j.S2, j2)- In both cases the full reducibility 
of the induced module (/i(8)i^(8)M(g)) is not guaranteed since the tensor products (0|s, j)(8)ad 
are reducible but not fully decomposable. A priori one cannot exclude that indecomposable 
affine representations could play a role in the construction of the diagonal H4 cosets. 
This could be a rather common feature of non-compact cosets involving a non-abelian 
denominator and a closer investigation of this phenomenon and of its possible connections 
with logarithmic conformal field theories is left for further work. Let us mention that at 
least in the case of the indecomposable representations, if present, would not be part 
of the physical string spectrum since they will be removed by the Virasoro constraints. 

Although we cannot provide a rigorous discussion of the decomposition of {+\pi,ji) <8) 
(—^2,^2) with ufpi — 1/2P2 = and (0|si, ji) (g) (0|s2,j2), we can derive a simple and 
plausible expression for the coset characters assuming the full reducibility of the tensor 
product of the affine representations and using the formal rules in Eq. (4.6). In the first 
case the full reducibility translates into the following character identity 

H H H H /H H 

^(+1PiJi)^^'^^^(-1P2,J2)('^'^) = ^[(+blj-l),(+|p2,j2);(0lsji+j2)](^) ^(0Uji+j2)(5'^) ' 

(4.30) 

and after simplifying the common factors on both sides we obtain 



H4XH4/H4 f ^ _ q^(+\^i'h)+h-\P2J2)-ho\s:n+j2) 2 _ 2 _ n 

^[(+|PlJl),{+|p2,j2);{0|sji+j2)]W - ^^^^4 ' "iP^ Z/2P2-U. 



(4.31) 



As for the second case, we start from 



H4 ( \ Ha ( \ _ f dip H4XH4/H4 ( \ H4 ( \ 

X(0|si,ji)W' ^^^(0|S2J2)W' - 277 ^[(Okl>il)>(0|52j2);(0|3(V),il+i2)] X(0|s(V'),il+i2)W' ^) ' 

(4.32) 

and using again Eq. (4.6) we obtain 

H4XH4/H4 g'^(0|nJi)+'*(0|''2J2)~'*(0k('/').Ji+J2) 
X[(oVi,/i),(0|52,i2);(0|s(^),ji+i2)l(«) = ^^(^)4 ' (^•^^) 
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where s^(V') = •sf + + 2siS2 cos ijj. 

The case (ib|p, ji) (8> (0|s, J2) can again be discussed rigorously. However, the discussion 
in terms of character techniques is much simpler and leads directly to the result 

X[(±|pji),(0|sj2);(±|pJi+j2+n)](9) = -^^4^ • (4.34) 

The conformal dimension is 

^^±bJ0,a)isj2);(±b,ii+i2+n)] = H±\v,h) + ^{0|sj2) - h{±\p.h+h+n) ■ (4-35) 

We stress again that the conformal dimension of the representations of the embedded 
algebra are computed with the induced metric and therefore are given by (4.12). 

4.3.3 Remarks on the decomposition of tensor products with spectral flow rep- 
resentations 

In the last part of this section we would like to comment on some aspects of the decom- 
position of tensor products involving spectral flow representations fi^Ji '^uj2- Out first 
observation is that the spectral flow automorphisms (4.13) and the embeddings (2.21) 
satisfy the relation 

e o (S^,^ X S^,^) = S^oe. (4.36) 

Given a decomposition 

= 0Ar^,A, (4.37) 

A 

the previous relation implies 

f^moj ^ J^mc^ = , ujeZ. (4.38) 

The equivalence of coset characters resulting from Eq. (4.36) is just a manifestation of what 
is known as field identification in compact coset models. Indeed, it has been known for a 
long time that field identifications are implemented by the action of certain pairs of simple 
currents in the numerator and the denominator affine algebra [46, 47]. Simple currents in 
turn can be identified with spectral flow transformations and therefore Eq. (4.36) precisely 
singles out the pairs of spectral flows that induce field identifications. Since in contrast to 
the compact case here we have to identify an infinite number of coset representations, this 
leads to an infinite degeneracy in the coset partition function which has to be removed by 
hand. 

According to Eq. (4.36) and the corresponding field identification, it is sufficient to 
consider only tensor products of the form ^ ® Vuj, with a standard representation and 
a spectral flow representation. Prom this point of view, the results obtained in the 
previous sections provide the decompositions of the tensor products with w = and, for 

the discrete series, = ±1. The analysis of the decomposition of the other tensor product 
fi'S'iy'uj with \lu\ > 2 is however a much more difficult problem and it would be interesting 
to develop rigorous methods to solve it. Character methods cannot be directly applied 
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to this case. The characters in Eq. (4.10) are in fact formal power series that converge 
in different domains of the z complex plane. For instance, using Eq. (4.15), we can see 
that X(^|pj) (9)^) converges in the annulus < \z\ < \q\^. As discussed in [48] the 

formal character and the analytic expression coincide only up to contact terms that encode 
the unbounded part of the spectrum. At the present stage it is not obvious that one can 
find a consistent way of computing with these formal series in order to extract the coset 
characters from their product. This question provides an interesting direction for future 
research. 

5. The spectrum of the diagonal cosets 

In the final section of this paper we determine the operator content of the diagonal cosets 
that have been discussed in section 3. If we combine these models with other CFTs such 
that the total central charge is the one required for a critical string theory background, 
the coset vertex operators correspond to closed string states propagating in the curved 
space-time described by the cr-model. 

The partition function of the WZW model based on H4 x H4 is given by the charge 
conjugation modular invariant which couples every representation of the affine algebra with 
its conjugate representation. Hence any multiplet of primary fields is completely specified 
by fixing its transformation properties under the holomorphic affine current algebra. As 
we reviewed in section 4 there are three types of representations of H4. For the derivation 
of the spectrum of the coset models it is convenient to divide the spectrum of H4 x H4 into 
sectors labelled by the representations of the two H4 factors. The spectrum then contains 
contributions from nine different sectors. 



and similar definitions for the sectors H , K_+ and 'Hq±. Moreover we have to take into 

account the images of all these sectors under independent amounts of spectral flow for the 
two H4 factors. 

Our strategy for determining the spectrum of the coset theories discussed in this paper 
is as follows. For each of the sectors TC^u of H4 x H4 we first calculate the modified tensor 
products n ®t and fi ®e v, which are defined using the diagonal embeddings e and e 
instead of the standard coproduct. Since the two embeddings are in general different, this 
gives rise to different types of representations for the left and the right movers. In order to 
identify the states of the coset we then impose the constraint 




[{+\Pl^h)A+\P2,32)\ 
[{+\Pl,h),{-\P2,j2)\ 
[(+Ii?l,il),(0|s,j2)] 
[(0|S1,J1),(0|S2,J2)] 



(0,0) <(pi,^>2) <(!,!) 
(0,0) <(i?i,i>2) <(!,!) 
< Pi < 1, s > 

Si > 0, S2 > 



(ji,j2)eM2 
(ii,i2)eM2 

iiGR, 0<j2<l 



(0,0)<(ii,j2)<(l,l) (5.1) 



e{X) + e-(X) = , 



(5.2) 



for all generators X G H4. This implies that in each sector wc are only allowed to keep 
those contributions for which the labels of the left-moving and right-moving representations 



that result from the decomposition coincide. Another consequence of the constraint (5.2) 
is that the operators in the spectrum of the coset models are completely identified by three 
labels, two for the representations of the original H4 x H4 model and one for either of the 
representations of the embedded H4. As we will see condition (5.2) with X = Kq will 
severely restrict the type of sectors that can contribute to the spectrum of the different 
cosets. 

Since the decomposition of the tensor product of spectral flow representations is still 
an open problem, the discussion in this section will be restricted to the standard represen- 
tations. We also introduce the short hand notation 

c = cosa, c=cosq;, s = sina, s = sina , (5-3) 

and set A = 1 for notational convenience. It can easily be recovered by rescaling the 
parameters A, n and jl. 

5.1 The cosets of type ( — ) 

We now apply the procedure outlined above to the models in the class ( ). The first 

step is to identify in which of the sectors it is possible to solve the constraint (5.2) 
with X = Kq. Let us consider for instance the sector. Using the embeddings e and 
e in (2.21), on the left we obtain representations of the form (+|p, j) with p = c^pi + s'^p2 
and on the right, due to the presence of the signs fji = —1, we obtain representations of the 
form {—\p,j) with p = c^pi + s^p2- Given the difference in sign, these representations can 
never coincide and we conclude that the sector Ti.++ does not contribute to the spectrum 

of the coset. In the same way one can exclude also the sectors Ti. , TC±o and TCq^. 

The sectors that contribute to the spectrum are TC^ , TC ^ and TCqq. The operator 

content of the coset depends on the range of a and a and we can summarise the result of 
the analysis in the following schematic way 

a<a: [{±\pi,ji), (t|P2, J2); (±1?-,^)] 
a = a: [(±bi,ii), (=Fb2,i2); (0|s, j)] 

(5.4) 

a>a: [(±bi, ji), (Tb2,i2); (Tb,i)J 

any a,a: [(0|si, ji), (0|s2, J2); (0|s,i)] . 

Here the terms in the square brackets are the three labels used to identify the coset charac- 
ters. Note that there is a drastic change in the type of coset representations that appear in 
the spectrum as we move across the line a = a which corresponds to the singular geometries 
discussed in section 3. 

We now solve the constraints e{X) + e{X) = associated with the other generators 
using the coset decompositions derived in section 4.3.2. In this way we can determine the 
relations among the parameters of the various representations in (5.4). We perform this 
analysis separately for the 'H±zf and the T^oo sectors. 

The sector 7i±^: Let us begin with the case a ^ a. We consider first the labels p and 
p. On the left we have p = r(c^pi — s^p2) and on the right p = —T{(Ppi — s^p2) where 
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r = +1 for a < a and r = — 1 for a > a. This corresponds to a coset representation of 
the form [(±|pi, ji), (^1^2)^2); j)] • The equation p = p which fohows from the coset 

constraints can be solved for p2 , giving 

+ 

^2 = g2 + g2 Pi =■ ''^'l ' (5-5) 

and therefore 

2 2 N c^^^ ~ ■^^c^ sinfcK — a) sm(a + a) 

p = t{c pi-s p2) = „ , -„ rpi = —2 , ■ 2 ■ (^-6) 

+ sm^ a + sm^ a 

This is always positive, as required by the consistency of our decomposition. Next we can 
determine the allowed values of j. To do so we have to solve the equation 

j ■= ji + 32 ± Wi T (A - /x)p2 Trn = -{ji + ^2) T P-Pi ± (A - /x)p2 T Tn . (5.7) 

The integers n, n arise from the tensor product decomposition in Eq. (4.28). Given concrete 
values for pi, ji, n and n, this equation can always be solved for j2, resulting in 

32 = -ii±T(n-n)/2T [(M + M)(l + r)-2Ar]pi/2 

(5.8) 

j = ^T(n + n)/2±(^-/x)(l+r)pi/2 . 

Therefore when a ^ a all the parameters in (5.4) can be expressed in terms of the data 
{Pi,ji,n,n). 

When a = d, from (5.5) it follows that p2 = cot^ a pi and that the sector 'H±z^ 
decomposes into continuous representations. We then find the conditions 

3 = 31 + h ± =F (A - fJ,)p2 mod Z , 

J = -{ji + j2) T fm ± (A - fl)p2 mod Z , (5.9) 

with j=jorj = l— J. In the first case the equation can be solved by 

j2 = -ji + n/2T[{fi + fl){l + r)-2Xr]pi/2 , 
i = n/2±(/x-/x)(l + r)pi/2 mod Z , (5.10) 

with n G Z. In the second case ii fx = fl there is no restriction on ji and j2 and j is given 
by (5.9), while li ji ^ fl there are solutions only when (// — //)(! + r)pi G Z. Finally there 
is no restriction on the allowed range of s as one can see from Eq. (4.31). 

The sector Hqq : In this sector we have the constraint 

j = 31+32 = -(ii+i2) modZ . (5.11) 

This equation can be solved by j2 = ^—ji with T G {1/2, 1}, implying j = T. The range of 
s follows from the expression (4.5) for the tensor product of the continuous representations, 
taking into account the action of the embeddings. The result is Smin < s < Smax where 
the upper and lower bounds are given by 

Smin = max(|cSi — SS2I, |CS1 — SS2I) , Smax = min(cSi +SS2,CSi + SS2) • (5.12) 

This concludes our discussion of the spectrum of cosets of type ( ). 
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5.2 The cosets of type {-{ — ) 

The whole discussion for this class of models mimics the one in the previous subsection. 
In particular, we again have to distinguish three cases. Depending on the relative value of 
the parameters a and a we find the sectors 

a<a: [{±\pi, ji), {t\P2, j2); (MpJ)] 

a = a: [{±\pi,ji), (0ls,j2); 

(5.13) 

a > a : [{±\pi,ji), (±|p2, ^2); (±|p, j)J 
anya,a: [(0|si, ji), (0|s2, ^2); (0|s, j)] . 

Note that in this case different sectors Hni/ of the H4 x H4 model contribute for different 
values of the parameters a and a. More precisely, besides the T^oo sector that is always 

in the spectrum, we have the Ti.±^ sectors when a < a, the 'H±± sectors when a > a 
and finally the TC±q sectors when a = a. In order to complete the description we have to 
impose the constraints and derive the relations between the different parameters in (5.13). 

The sector H±±: In the sector H±± one has p = c^pi + s'^p2 and p = c^pi — s^p2- Solving 
the equation p = p for p2 and p we obtain 

— c^s"^ + s^c^ 

P'^ = 2 I -2 Pi =■ P = 2 I -2 P^ ■ (^•^^) 

S I S S I s 

This is indeed consistent with the requirement p2 > as long as a > a. Similarly we have 
to solve the equation 

j ■= h + 32 ± ± (A - ix)p2 ±n = ji- j2 ± flpi T (A - p.)p2 T n (5.15) 
for _72 and j. This yields 

j2 = ^{n + n)/2^[{ti-il)-{ii + il)t + 2\t\pi/2 

(5.16) 

j = ji ± (n - n)/2 ± [(/X + A) - (/X - fi)t] Pi/2 
and completes the specification of the associated coset sector. 

The sector H±ip; In the next sector one easily finds p = (?p\ — s^p2 and p = cPpi + s^p2- 
The usual procedure of equating p and p results in 

P2 = -tpi and p = n , -n Pi ■ (5-17) 

+ 

This time we see the consistency with the assumption a < a. In addition to the previous 
equation we have to impose 

j ■= ii +J2±m =F (A-/x)p2=F« = ii -i2 ± m ± (A - A)P2 ±n . (5. is) 
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Hence we immediately conclude that 

j2 = ±(n + n)/2T [(/w-M)-(M + A)i + 2At]pi/2 

j = ji T (n - n)/2 ± + //)-(//- pi/2 . 



(5.19) 



The sector 7i±o: In the decomposition of the sectors Ti.±o one obviously has p = c^pi and 
p = c^pi and therefore these sectors can only arise when a = d. The second constraint is 

j ■= ji + 32 ±lJ-Pi+n = ji - j2 ±p,pi+n . (5.20) 

Solving this for j2 and plugging it back again results in 

j2 = -{n-n)/2^{ii-ii)pi/2 and j = ji + {n + n) /2 ± {p + fi)pi/2 . (5.21) 

We also have to require that j2 lies in the interval [0, 1). This restricts the parameters n 
and n. For instance when p = p this implies n = n and j2 = or n = ra + 1 and j2 = 1/2. 

The sector Hqq : The discussion of the sector T^oo parallels the one in the previous subsec- 
tion. The only difference is in the constraint 

j ■= ji + j2 = ji - 32 mod Z , (5.22) 

which has the solution 

32 = Tg {0,1/2} and j = ji + T mod Z . (5.23) 
In addition Smin < s < Smax where Smin and Smax are given in Eq. (5.12). 
5.3 The cosets of type (++) 

Our next goal is to determine the spectrum of the last class of models, the (++) cosets. 
When we considered their Lagrangian description in section 2 and 3 we found that the 
(7-model fields ui and U2 satisfy the constraint 

U{z, z) •- {vl + vl) ui{z, z) + {vl + ul) U2{z, z) =p , (5.24) 

with p G M. We need to find a way to impose this constraint on the spectrum of the 
original H4 x H4 WZW model. It is convenient to decompose the scalar field U{z, z) in its 
zero-mode, holomorphic and anti-holomorphic components 

U{z, z) = Uo + U{z) + U{z) , (5.25) 

so that the previous constraint can be expressed in the form 

Uo = p , U{z) = , U{z) = . (5.26) 

Only the condition on the zero-mode Uq correlates the left and right Hilbert spaces of the 
original WZW model, while the other two conditions can be imposed independently in the 
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two Hilbert spaces. In fact the derivatives of U coincide with a Hnear combination of the 
affine currents. More precisely dU{z) = —ei^K^z)^ and dU{z) = e(^K{z)^ where K{z) and 
K{z) are the affine currents of the subalgebra and e[K{z)) = ufK^^^z) + i/fi^'-^H-^)- 
For simplicity in this section we consider only the case /j, = jl = \ = 0, which together with 
a = a implies e = e . 

The most efficient way to impose the constraint e(iir(z)) = in the holomorphic sector 
is to introduce ghost fields (6, c) with stress energy tensor Tgh = —bdc and conformal 
dimensions hb = 1 and he = 0. We then identify the physical Hilbert space with the 
cohomology of the BRST charge 

Q = j ^c{z)e{K{z)) . (5.27) 

As a result, the physical states are the states \ip) in the Hilbert space of the original WZW 
model that satisfy the conditions 

e{K^n) IV-) = , n > and e( J_„) IV-) = , n > 1 , (5.28) 

where e(J(z)) = J^^\z) + J^'^\z) . We proceed in exactly the same way in the antiholomor- 
phic sector, introducing ghost fields (5, c) and a BRST charge Q. This implies for the right 
modes of the currents precisely the same conditions satisfied by the left modes. Finally the 
constraint Uq = p leads to an additional condition for the physical states 

(e(Jo) - e(Jo)) IV) = , (5.29) 

since Uq and e(Jo) — e(Jo) form a pair of canonical variables. The constraints (5.28) can 

be solved only in the , H \- and T^oo sectors of the original WZW model and therefore 

the spectrum is given by 

[(±bi,ii),(Tb2,j2);(0|s,i)] 

[(0|si,ii),(0|s2,j2);(0|s,j)] (5.30) 

with p2 = cot^api. Note that if we had followed exactly the same approach as in the 
previous subsections and imposed the constraint (5.2) with X = Kq, we would have reached 
the conclusion that every sector H,j,u contributes to the spectrum with no restrictions on 
the labels pi and p2- 

We still have to require the invariancc of the physical spectrum with respect to the 
residual gauge transformations generated by the modes of the affine currents Pi{z), i = 1,2, 
and by the zero mode of the current e( J(z)) +e( J(z)) . This is equivalent to the requirement 
that the constraints in (5.2) are satisfied for this restricted set of generators. 

Before imposing these conditions, we would like to make a few comments about the 
energy-momentum tensor of the coset model. Let us start with the energy-momentum 
tensor associated with the product of the H4 x H4 model and the ghost fields 

Ttodz) = Ti^liz) + Tj^liz) + Tgh{z) . (5.31) 
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This energy-momentum tensor has central charge c = 6 and when restricted to the coho- 
mology it can be written as 

Ttotiz) ~ rW(z) + T^liz) - e{J{z))e{K{z)) (5.32) 

due to the relation 

{Q,e{J{z))b{z)} = Tghiz) + e{J{z))e{K{z)) . (5.33) 

The central charge is further reduced to c = 4 by the gauging of the affine currents Pj (z) , 
i = 1,2. This can be accomplished by subtracting from (5.32) the c = 2 energy-momentum 
tensor 

Tr{z) = \[e{P^{z)f + e{P2{z))' + e{K{z)f] . (5.34) 

As a result in the physical subspace the stress-energy tensor of this class of models coincides 
with the one given by the standard coset construction [9, 10] 

r(++)=<^+rg-7^,(H,) • (5-35) 
It remains to determine the relations among the labels of the representations in (5.30). 



The sector 'H±zp: This sector decomposes into continuous representations. Here we find 
the constraint 

j = ji+h mod Z , j= ji+j2 mod Z , (5.36) 
with j = and j = 0. The equation can be solved by 

J2 = -ji + n/2 , j = n/2 mod Z , (5.37) 

with n G Z. 

The sector TCqq: In this sector wc have the constraint ji +32 = mod Z with solution 
j2 = 1 — ji and J = 0. The range of s is \visi — U2S2\ < s < visi + V2S2- 

6. Conclusions 

In this article we studied in detail the diagonal cosets of the Heisenberg group. These 
cosets form a large and interesting class of curved string theory backgrounds and provide 
an example of a coset construction where both the numerator and the denominator group 
are non-compact and non-abelian. We classified all possible diagonal cosets and derived 
the metric, dilaton and antisymmetric tensor that specify the corresponding curved space- 
times. We found three classes of models, thereby generalising the results of [33]. The 
resulting models arc all particular examples of a family of string backgrounds related to 
plane waves by abelian T-duality transformations [42]. 
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Our three classes of models are labelled by two signs and are called (++), (H — ) and 

( ), respectively. A minus sign means that the right embedding includes a certain twist 

automorphism acting on the corresponding factor in H4 x H4. All three classes depend 
on several continuous parameters, in particular on two angles a, a. The models considered 
in [33] correspond to the symmetric case a = a and describe singular space-times. The 
general models with a ^ a introduced in this paper are generically non-singular and 
interpolate between singular and non-singular space-times. 

Apart from the geometric description we also derived the spectrum of the diagonal 
cosets using conformal field theory techniques. In order to achieve this we first studied 
the decomposition of the tensor products of affine H4 representations with respect to the 
embedded H4 algebra. We described a method to derive the branching functions for rep- 
resentations with zero spectral flow which avoided the problems that would have arisen if 
we had tried to use the standard technique of character decompositions. We expect that 
the approach followed in this paper will be useful for the treatment of other non-compact 
and non-abelian cosets such as e.g. SL{2,R) x SL(2,R)/SL{2,R). 

Several aspects of the models discussed in this paper deserve further investigation. 
First of all we would like to find a rigorous method to study the decomposition of the 
tensor products of spectral flow representations, for which we could only present partial 
results. In this way one would obtain a complete description of the spectrum of the diagonal 
cosets and could also study their one-loop partition functions. 

Following the work of Antoniadis and Obers [33] (see also [49]) we would also like to 
investigate the effect of T-duality transformations on the space of the diagonal cosets of 
the Heisenberg group and in particular to consider their action on the spectrum of the 
models described in this paper. In this way one could establish under which conditions the 
duality symmetries of the curved backgrounds reflect exact symmetries of the underlying 
coset conformal field theories. 

The particular example considered in this paper shows that when the coset construction 
is applied to a non-semisimple group there is a significant amount of freedom, to the point 
that the resulting coset conformal field theories usually come in continuous families. This 
should be a generic feature of non-semisimple cosets and it would be worth exploiting 
it to construct other models of this type. For instance it would be very interesting to 
find other four-dimensional models that could be identified with families of curved string 
backgrounds, as it is the case for the diagonal cosets of the Heisenberg group. A possible 
class of this type are the cosets {H^Y^^ / {H^)^ . 

Finally, another valuable line of research would be the study of string interactions in 
these backgrounds. With the information gathered in this paper it should be possible to 
construct correlation functions of coset primary fields. In order to determine the three- and 
four-point couplings one should use the structure constants of the H4 WZW model derived 
in [25] and properly generalise the analysis performed recently in [2] for the abelian cosets. 
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A. Geometries for the fully asymmetric cosets of type ( — ) and (H — ) 

For the sake of completeness we reserved this appendix to summarise the geometric data 
that arise for the fully asymmetric versions of the cosets of type ( ) and (H — ). 

A.l Cosets of type ( — ) 

Before we spell out the background data for the fully asymmetric coset of type ( ) it is 

convenient to define the quantity 

r{u) = 2c^c^-c^-c^ + 2ccsscos(2u) , (A.l) 

where we used the notation introduced in Eq. (5.3). The function r{u) is a generalisation 
of the functions r'^{u) and R^{u) defined in the main text. It completely specifies the 
dilaton 

$ = -^ln(r(u)) . (A.2) 
Employing the previous definition one can also simplify the metric which assumes the form 

ds^ = Adudv -\ — ^-^l Axxdx'^ — 2Axydxdy + Ayydy^ + 2(^BxX + Byy") sm(u)dxdu 

''^''^ (A.3) 
+ 2(^CxX + Cyy) sm{u)dydu + {Dxxx'^ + DxyXy + Dyyy^)du^^ + D du^ . 



In order to keep this expression short we list the auxiliary functions appearing in this 
expression separately. The first group of functions is given by 

Axx = + (? — 2(?(? + 2ccss — 2 — 2(cc + ss + 2ccss cos(?x)) cos(t()| 

Axy = + 3c^ - 2 + 2 (cc^ - sf) cos('u)| 

, (A.4) 
Ayy = -{2 + 4c^-5c2 + 2ccss + c^(2c^-l) 

+ 2 (2c^ — l) (cc — ss) cos{u) — 4ccsscos^(u)| . 

The second and the third group have the following form, 

Bx = (c^ + c^ - l) (cc - ss) 

By = |cc (-2c^ + 2c^ + c^) + ss (2c^ - 2c^ + c^ - l) + 2ccss (2c^ - l) cos('u)| 

Cx = 1(^1 - 2c^ + c^ + c^ (2c2 - l)) (cc + ss) + Accss (2c^ + {2c^ - 3) c^ - c^) cos(«)| 

Cy = (2c^ - l)|c^(cc - ss) + ss - 2ccss cos (n) I . (A.5) 
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Finally we have 
Dxx = -J (2c2 - 1) {2c^ - 1) {2 + Sc^c^ -c^-c^- 2ccss 

— 2 (cc + ss) cos('u) + 4ccss cos^ (u) I 

Dxy = -2c^ + c^ + {2c^ - 1) - 2(^cc2(3 - 2c'^) + ss^(3 - 25^)) cos(u)| 

Dyy = {2 + 8c^ + 12cV - 18c* - Uc^c"^ - + 7c^ + 2ccss{l - 2f) 

+ 2(cc - ss) (4c^s^ + 1) cos('u) - 4ccss(l - 2c^) cos^(n)| 

D = 2A{a(4c2c2 -c^-c?)+^{l- 2(?) + /x(l - 2c2) } . (A.6) 

For a general choice of parameters the background also support a three-form flux. Using 
the same conventions as above it may be expressed as 

H = 4^(c2 - c^)\csUc'c' ^^-<? + 2s2) + cs(4c2c2 -^-c? + 2s^) 
r(uY ^ ' L ^ ' ^ ' 

+ 2cs (2c^c^ + 2 - - c^ - 2ccss) cos(u) + 4ccss (cs + cs) cos^ {u) (^-7) 
+ Sc^cs^s cos^('u)| sin(u) dx A A (iu . 

The background described here may be cast into the standard form (3.1) of a gravitational 
plane wave by a suitable change of coordinates. Since one has to follow a rather cumbersome 
procedure in order to find the explicit coordinate transformation, we refrain from doing so. 

A. 2 Cosets of type (H — ) 

Let us turn our attention to the third type of cosets of class (H — ) now. This time a crucial 
ingredient of the metric and the other background fields are the following functions 

r^{u) = c^ + c^ lb 2cccos(n) , rf{u) = s^ + s^ ± 2ss cos(n) . (A.8) 

Again we used the same abbreviations as in (5.3). Like before the auxiliary functions are 
useful in order to express the dilaton which is given by 

^ = -^ln(r-(u)) (A.9) 

The metric is also easily derived. Its shape resembles the one for the ( )-gauging and its 

explicit form is given by 

ds^ = 15 1 — _ (Axxdx^ — 2Axydxdy + Ayydy^ + [B^x + -B^y) sm(u)dxdu 



' Tc (n) 

+ (CxX + Cytj) sm(u)dydu + (^DxxX^ + Dxyxy + Dyyy^^du^^ + D dv^ . 



(A.IO) 
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(A.ll) 



The main difference to tlic ( )-case can be found in the auxiliary functions needed to 

express eq. (A. 10). For the first set of functions one obtains 

Axx = rf{u) 

Axy = |2 + (2c^ — l)c^ + 2ccss — 3c^ — 2s^(cc— ss) cos(n) — 4ccsscos^('u)| 
Ayy = -|-2 + Sc^c^ - 4c^ - Sc^c^ + + Accss{2c'^ - l) + 

- 2(^ss(l - 2c2) - 2ccs2) cos(«) - 8ccss{2c'^ - l) cos^{u)^ . 
The second set is given by 
Bx = ^^{l-2c'^)c^c+ {3-2c^)ssc^ + c^c + ss{c'^ -2)^ 

By = (^-4c^ + 7c^ + (4c^ - 8c^ + 3) - 2^ (cc - ss) + 4ccss^(2c^ - l) cos(it)| 

Cx = (-2c^ + Sc^ + (4c^ - + 3) - 2) (cc + ss) + 4ccs3scos(u)} 

Cy = --^|cc(2c^-3c2 + c2) +ss(2 + 6c^-9c2 + c2(-8s^ + 4s2 + l)^ 

+ 4ccss(^-6c^ + 9c2 + c^(8c^-12c2 + 3) -2)cos(«)} . (A.12) 

Finally, the remaining ones assume the form 
{l-2c^)r-{u) 



D 



XX 



l-2c^ ( 

Dxy = ^-2— |2 + 4c^-7c2-2ccss + c^(2c2-l) 

- 2 (2c^ - 3c^ + 1) (cc + ss) cos{u) + 4ccss cos^ (-u) | 

Dyy = ^ |2 - c^ - 13c^ + 16c^c^ - 8c^ - 32cV + 20c^ + 16c^c^ 

- 4ccss (4c^ - 6c2 + 1) - 2(2cc{2c^ - 30^ + l) + ss(4c^ - Gc^ + l) j cos(i 

+ 8ccss (4c^ - 6c^ + 1) cos^(«)} 
^ {a(2s2c2-c2-c2)+/x-/x(1-2c2)} . (A.13) 



D 



s'^s'^ 



The gauged WZW model also comes with a non-trivial three-form flux which is needed in 
order to ensure conformal invariance. A straightforward calculation yields 



^ dx A dy A du 
s^s^ rc{u)'^ 



(c^-c^) (^2-1- 2c^c2-r+(u)j (^ccs^-c^ss -I- 2ccsscos(u)j sin(u) . (A.14) 
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B. Tensor products of i/4-representations 



In this appendix we summarise a few tensor products of finite and infinite dimensional 
representations of the Hciscnberg Lie algebra H4. We shall show that whenever the gen- 
erator K vanishes, reducible but indecomposable representations can appear in the tensor 
product. 

B.l Adjoint times adjoint 

The adjoint representation of H/j^ mirrors the non-semi-simplicity of the Lie algebra. Its 
structure may be read off from the composition series 

[1] 



ad : 



[0] 



[ 



[0] 



(B.l) 



In this diagram [j] denotes a one-dimensional representation on which —iJ acts as the 
scalar j while K acts trivially. To the right we find an irreducible invariant subspacc [0], 
given by the span of K. If we divide out this subspace we find two new invariant subspaces, 
[1] and [—1], represented by P"^. Taking again the corresponding quotient we finally end 
up with a second [0] , the span of J. Similar diagrams will be used for the more complicated 
representations discussed below. 

We are interested in (symmetrised) tensor products of the adjoint representation with 
itself since they arc relevant for the construction of the affine modules. The main contri- 
bution to ad ad is schematically given by 

P+ ® P+ (B.2) 



J (g) P+ + P+ (g) J 



J(8) J 




+ P- 




K®P+ + P+®K 



+ P- 




which is a nine-dimensional indecomposable representation. It is part of an infinite series 
of indecomposable representations which arise in higher tensor products of the adjoint 
representation with itself. In fact if we start with the state J • • • J on the left hand 
side, we expect to find a representation of dimension whose schematic description is 



n 



[0] ••• [0] ^ J®" 



(B.3) 



\-n] 



(P~ 
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The product ad ad also contains a singlet given by 

[0] ^ 2{K^J + J^K) + {P+^P- + P-^P+) , (B.4) 

which cannot be reached from any other state. The remaining six vectors belong to the 
antisymmetric part of the tensor product ad (g) ad. They form two three-dimensional inde- 
composable representations which have the structure 

[0] and [0] . (B.5) 

[-1] ^ ^ [-1] 

B.2 Continuous times adjoint 

We would like to show that the tensor product (0|s, j) ad is indecomposable. This obser- 
vation is not particularly surprising since the generator K acts trivially in both constituents 
and consequently on the whole module. Nevertheless the statement is non-trivial and has 
to be checked thoroughly. We will argue that the Casimir operator is not diagonalisable 
on the tensor product, thus proving our assertion. 

Let us consider the four-dimensional subspace of vectors with —iJ = j + n{ne7j). 
Denote by \v) the vector in {0\s,j) with —iJ\v) = {j + n)\v). A convenient basis is then 
given by the linear combinations 

vi = P+\v) <^P~ + P''\v) <^P'^ , V2 = -4s'^\v)<^K (B.6) 

= -\v) K - i{P^\v) !S) P~ - P~\v) P^) , V4 = \v)0J . (B.7) 

The total quadratic Casimir may be expressed as 

C = ^(P+P- + 

= \ [iPi + P2 ){Pi + P2 ) + {Pi + Pi)iPi + P2)] + 2(Ji + J2)(i^i + K2) 

= C1 + C2 + p^pi + p^p^ + 2JIK2 + 2KIJ2 

in terms of the Casimirs and of the generators of the individual algebras. For the vectors 
above we have Ci = and Ki = K2 = 0. This simplifies the calculations considerably 
and leads to the following matrix form, 



C = 



/s2 0\ 
s2 1 
§2 1 

\o s^y 



(B.9) 



We thus proved that the affine continuous representation is not completely reducible with 
respect to its horizontal subalgebra. Similar indecomposable representations will appear 
on higher energy levels but we leave the complete analysis for future work. Note that 
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the occurrence of indecomposable representations in the CFT should not affect the string 
theory spectrum, since the states created by the negative modes of the currents J and K 
are not physical, i.e. they are removed by the Virasoro constraints. 

As we said indecomposable representations only appear when K = 0, so we expect 
that the tensor product <8) ad (with p 7^ 0) is completely reducible. It is easy to 

prove that in fact 

(+|p,j)®ad = (+|p,j + l)e2(+|p,j)e(+|p,j-l) . (B.IO) 

To see this let us assume that the infinite dimensional discrete representation is generated 
by a vector \v) with 

P+|u) = K\v) = ip\v) J\v) = ij\v) . (B.ll) 

Then it is not difficult to find four highest weight, none of which leads to non-trivial 
invariant subspaces.^ The corresponding highest weight vectors read 

\v) (g) P+ , \v)®K, P~ \v) (g) P+ + 2pi\v) (g) J , P~\v) ®K - ip\v) ® P~ . (B.12) 

For convenience we ordered the highest weight states by their eigenvalues with respect to 
—iJ. In the given order the latter read j + 1, j, j and j — 1. 
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